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SOCIOLOGY

OBSERVATION (S. SZALAI, SOCIOLOGIST)

Every group of about 20 children contains a set of 4 children, any
two of which are friends, or a set of 4 children, no two of which are

friends.




SOCIOLOGY ... OR RAMSEY THEORY?

OBSERVATION (S. SZALAI, SOCIOLOGIST)

Every group of about 20 children contains a set of 4 children, any
two of which are friends, or a set of 4 children, no two of which are
friends.

... but after discussion with Hungarian mathematicians Erdés,
Turan, and Sés:

RAMSEY NUMBER R(4,4)

Draw 18 points, and connect some pairs of them by
lines. No matter how this is done, there will always
exist either:

@ a set of 4 points, with all pairs connected, or

@ a set of 4 points, with no pairs connected.




UPPER BOUNDS FOR RAMSEY NUMBERS

Let R(r,s) be the smallest integer such that every graph with
R(r,s) vertices contains either a clique of size r or an independent
set of size s.
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Let R(r,s) be the smallest integer such that every graph with
R(r,s) vertices contains either a clique of size r or an independent
set of size s.

ERDOS-SZEKERES (1935)

gy

Every graph G with vertices contains either a clique of size

r or an independent set of size s, i.e., R(r,s) < ("°7?).
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Let R(r,s) be the smallest integer such that every graph with
R(r,s) vertices contains either a clique of size r or an independent
set of size s.

ERDOS-SZEKERES (1935)
(r-l—s 2)

vertices contains either a clique of size

r or an independent set of size s, i.e., R(r,s) < ("7°7?).

Every graph G with

Proof. Induction on r +s. Let u, s = (rfizz)
Since urs = Ur—1s + Urs—1, any vertex v € G has either:
@ at least u,_1 s neighbors, or

@ at least u,s_1 non-nbrs.
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UPPER BOUNDS FOR RAMSEY NUMBERS

Let R(r,s) be the smallest integer such that every graph with
R(r,s) vertices contains either a clique of size r or an independent
set of size s.

ERDOS-SZEKERES (1935)
(r-l—s 2)

vertices contains either a clique of size

r or an independent set of size s, i.e., R(r,s) < ("7°7?).

Every graph G with

Proof. Induction on r +s. Let u, s = (rfizz)
Since urs = Ur—1s + Urs—1, any vertex v € G has either:
@ at least u,_1 ¢ neighbors = clique of size r — 1

@ at least uys_1 non-nbrs. = independent set of size s —1. [



UPPER BOUNDS FOR RAMSEY NUMBERS

ERDOS-SZEKERES (1935)

(r—l—s 2)

Every graph G with vertices contains either a clique of size

r or an independent set of size s, i.e., R(r,s) < ("°7?).
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("] 2) vertices contains either a clique of size

r or an independent set of size s, i.e., R(r,s) < ("°7?).

Every graph G with
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BOUNDS FOR RAMSEY NUMBERS

ERDOs-SZEKERES (1935)

Every graph G with ("7°7) vertices contains either a clique of size

r or an independent set of size s, i.e., R(r,s) < ("7°7?).

o The diagonal bound is R(r,r) < (¥77) ~ 2%
@ To lower-bound R(r, r), one must construct a large graph
with all cliques and independent sets smaller than r.

@ For years, the best construction was only polynomial in r.



BOUNDS FOR RAMSEY NUMBERS

ERDOs-SZEKERES (1935)

Every graph G with ("7°7) vertices contains either a clique of size

r or an independent set of size s, i.e., R(r,s) < ("7°7?).

o The diagonal bound is R(r,r) < (¥ %) ~ 2%
@ To lower-bound R(r, r), one must construct a large graph
with all cliques and independent sets smaller than r.

@ For years, the best construction was only polynomial in r.

ERDOSs (1947)

There exists a graph with 27/2 vertices, but with all cliques and
independent sets smaller than r.
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independent sets smaller than r.




PROOF OF LOWER BOUND

Proof.

There exists a graph with 2/2 vertices, but with all cliques and
independent sets smaller than r.

o Let n =272 and let V = {v1,...,v,} be vertices.
@ For each pair of vertices, place an edge with probability %

@ For every set S of r vertices, let Bs be the event that either
all or none of the edges within S appear.
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independent sets smaller than r.

Proof.
o Let n =272 and let V = {v1,...,v,} be vertices.
@ For each pair of vertices, place an edge with probability %
@ For every set S of r vertices, let Bs be the event that either
all or none of the edges within S appear.
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PROOF OF LOWER BOUND

There exists a graph with 2/2 vertices, but with all cliques and
independent sets smaller than r.

Proof.
o Let n =272 and let V = {v1,...,v,} be vertices.
@ For each pair of vertices, place an edge with probability %
@ For every set S of r vertices, let Bs be the event that either
all or none of the edges within S appear.
e For each of the (7) sets S, P[Bs] = 2- 2-(5). so
[P[some Bs occurs] is at most

r r r2—r
(n>.2.2_(2) < n_.2.2_2
r

rl

P
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INDEPENDENT TRANSVERSALS

\ L )
An independent transversal has

one vertex per group, with no
edges between the vertices.
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An independent transversal has
one vertex per group, with no
edges between the vertices.

Let A be the maximum degree of
the graph (max. number of edges
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INDEPENDENT TRANSVERSALS

An independent transversal has
one vertex per group, with no
edges between the vertices.

Let A be the maximum degree of / / \
the graph (max. number of edges

incident to any vertex). C‘ ./ bj
*

If every group has size > 2eA,
then indep. trans. always exists, no
matter how many groups there are.
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INDEPENDENT TRANSVERSALS

1900 1920 1940

i
51, 870 mHz C. o o
8

50 851 870

o o o
<<A>> 851 871 1921
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INDEPENDENT TRANSVERSALS

<<A>> 1900 1920 1940

1900, 1920, 1940 mHz QA»

51, 870 mHz [ ] [ ] [ ]
* 850 851 870

851, 871, 1921 mHz
-
o o o
<<X> 851 871 1921
850, 871, 1920 mHz
® ® o
850 871 1920

Remark. In this example, A is bounded by local geometry, but
the number of towers (vertex groups) can be arbitrarily large.
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RESULTS

If every group has size > 2e/\, then an independent transversal
always exists, no matter how many groups there are.

Progress:
e Sizes > 2A suffice (Haxell, 2001)
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RESULTS

If every group has size > 2e/\, then an independent transversal
always exists, no matter how many groups there are.

P :
rogress | D (e
@ Sizes > 2A suffice (Haxell, 2001) o e RS
@ 2A is tight (Szabé-Tardos, 2006) | e S| Lol
Construction with sizes exactly : —le
2A — 1, but no indep. trans. ® g‘f N,

o But if degrees are not concentrated,” then sizes
> (1+ o(1))A suffice. (L.-Sudakov, 2007)

*

i.e., if each vertex sends only o(A) edges into each other part



BOUNDING PROBABILITIES

Let By, ..., Bn be “bad” events in a probability space. How can
Observations:

one show that with positive probability, none of the B; occur?

@ For the Ramsey lower bound, the union bound
P[some B;] < > P[B;] was already below 1.
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one show that with positive probability, none of the B; occur?
Observations:

@ For the Ramsey lower bound, the union bound
P[some B;] < > P[B;] was already below 1.

e Consider flipping 2000 fair coins, and let B; be the event that
the i-th coin is heads.

@ The union bound only gives P[some B;] < " P[B;] = 1000.




BOUNDING PROBABILITIES

Let By, ..., Bn be “bad” events in a probability space. How can
one show that with positive probability, none of the B; occur?

Observations:

@ For the Ramsey lower bound, the union bound
P[some B;] < > P[B;] was already below 1.

e Consider flipping 2000 fair coins, and let B; be the event that
the i-th coin is heads.
@ The union bound only gives P[some B;] < " P[B;] = 1000.

@ Yet no matter how many independent coins we flip, it is
possible (although unlikely) that all are tails.
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THE LoCAL LEMMA

ERDOs-LovAsz (1975)

Let By, ..., B, be “bad” events, such that for some p, d:
e Every P[Bj] < p.
@ Each B; is independent of all but < d of the other B;.
@ ep(d +1) <1, where e =~ 2.718.

Then with positive probability, none of the B; occur.
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THE LoCAL LEMMA

ERDOs-LovAsz (1975)

Let By, ..., B, be “bad” events, such that for some p, d:
e Every P[B;] < p.
@ Each B; is independent of all but < d of the other B;.
@ ep(d +1) <1, where e =~ 2.718.

Then with positive probability, none of the B; occur.

Proof that sizes = 2e/A guarantee an indep. transversal.

@ Randomly pick one vertex per group.
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THE LoCAL LEMMA

ERDOs-LovAsz (1975)

Let By, ..., B, be “bad” events, such that for some p, d:
e Every P[B;] < p.
@ Each B; is independent of all but < d of the other B;.
@ ep(d +1) <1, where e =~ 2.718.

Then with positive probability, none of the B; occur.

Proof that sizes = 2e/A guarantee an indep. transversal.

@ Randomly pick one vertex per group.

e
L o=
e
L o=

@ For each edge x, let By be the event
that both endpoints of x were picked.

o Let p=P[By] =

1
(2en)?”




THE LoCAL LEMMA

ERDOs-LovAsz (1975)

Let By, ..., B, be “bad” events, such that for some p, d:
e Every P[B;] < p.
@ Each B; is independent of all but < d of the other B;.
@ ep(d +1) <1, where e =~ 2.718.

Then with positive probability, none of the B; occur.

Proof that sizes = 2e/A guarantee an indep. transversal.

@ Randomly pick one vertex per group.
@ For each edge x, let By be the event @
that both endpoints of x were picked.

o Let p=P[B.] = ke @
o Letd=2-(2eA)- A —2.
@ Then ep(d + 1) < 1, so there is an outcome when none

of the B, occur, i.e., an independent transversal exists. O




SPERNER’S THEOREM
SPERNER (1928)

Let F be a family of subsets of {1,...,n} that is an antichain, i.e.,
no A, B € F satisfy AC B. Then |F| < (\_n,/12j)'
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o Let (x1,x2,...,Xn) be a random permutation of {1,...n}.
@ Foreach A€ F, let Ex be the event that {xi,..., x4} = A.
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@ The E4 are mutually exclusive since F is an antichain, so:

ZIP’[EA] = P[some Ea occurs] < 1.
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SPERNER’S THEOREM

SPERNER (1928)
Let F be a family of subsets of {1,...,n} that is an antichain, i.e.,
no A, B € F satisfy AC B. Then |F| < (Ln,/12j)'

1

Proof that )  —~ <1
AcF (IAI)
o Let (x1,x2,...,Xn) be a random permutation of {1,...n}.

@ Foreach A€ F, let Ex be the event that {xi,..., x4} = A.
@ The E4 are mutually exclusive since F is an antichain, so:

Z+ = ZIP’[EA] = P[some Ex occurs] < 1.
ACF <|A\) ACF



THE LITTLEWOOD-OFFORD PROBLEM

Let x1, ..., X, be real numbers greater than 1. Let S be a
collection of sums of distinct x;, such that any s, s’ € S satisfy
|s—s'| <1. Then |S| < (Ln72J)'




THE LITTLEWOOD-OFFORD PROBLEM

Let x1, ..., X, be real numbers greater than 1. Let S be a
collection of sums of distinct x;, such that any s, s’ € S satisfy
|s—s'| <1. Then |S| < (Ln72j)'

Proof.

e For each element s € S, we may define a set A; C {1,...,n}
such that s =} ;4 X;.

@ Let F be the collection of all such As.
o Every As ¢ Ay because all x; > 1.
@ Sperner’'s Theorem implies that |F| < (Ln72J)' O
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PLANARITY

A graph is planar if it can be drawn with no crossing edges. I

X P

Ky Ky, planar drawing K33 is never planar

Famous theorems:

@ The vertices of any planar graph can be colored with only 4
colors, s.t. no pair of adjacent vertices gets the same color.

o Kuratowski: A graph is planar iff it does not contain a
topological copy of K33 or Ks.

o Euler formula: Vertices — Edges + Faces = 2.

[m] [ =




CROSSING NUMBER

The crossing number cr(G) of a graph G is the minimum number
of pairs of edges that cross in a drawing.
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CROSSING NUMBER

The crossing number cr(G) of a graph G is the minimum number
of pairs of edges that cross in a drawing.

AJTAI-CHVATAL-NEWBORN-SZEMEREDI AND LEIGHTON (1982)

. . E3
Any graph with V' vertices and E > 4V edges has cr > &57.

First show: £ < 3V — 6 for planar graphs.

@ 2E = sum of perimeters of faces > 3F.
@ Substitute F < %E into Euler formula V- E+ F =2

2 = V-E+F < V—%E. 0

Corollary: E—cr<3V -6 — c>E —3V.
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Proof that cr(G) > %; whenever E > 4V.

@ Fix a drawing of G, and let X = #£crossings.

@ Randomly keep each vertex with probability p = %.

e Let V', E’, X' be numbers of vertices, edges, crossings left.
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THE POWER OF RANDOMNESS

Proof that cr(G) > %; whenever E > 4V.

@ Fix a drawing of G, and let X = #£crossings.
@ Randomly keep each vertex with probability p = %.
e Let V', E’, X' be numbers of vertices, edges, crossings left.

o X' > E' —3V', so E[X'] > E[E'] — 3E[V'].
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THE POWER OF RANDOMNESS

Proof that cr(G) > %; whenever E > 4V.

Fix a drawing of G, and let X = #crossings.
Randomly keep each vertex with probability p = %.
Let V/, E’, X’ be numbers of vertices, edges, crossings left.
X' > E' -3V, so E[X'] > E[E'] — 3E[V].

E[X'] = Xp*, E[E"] = Ep?, and E[V'] = Vp.
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THE POWER OF RANDOMNESS

Proof that cr(G) > %; whenever E > 4V.

Fix a drawing of G, and let X = #£crossings.

ﬂ

£

Let V/, E’, X’ be numbers of vertices, edges, crossings left.
X'>E -3V, so E[X'] > E[E'] —3E[V].

E[X'] = Xp*, E[E'] = Ep?, and E[V'] = Vp, so:

Randomly keep each vertex with probability p =

Xp*
X

Ep? —3Vp
p2-(E—-3vp1)

E\? E
4V 4

>
>
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SZEMEREDI-TROTTER (1983)

Let P be a set of n points, and L be a set of m lines. Then only
I < 4(m?/3n?/3 4 m + n) pairs (p,£) € P x L have p lying on .

Proof. Let G be defined by the drawing of P and L. Then:
e V=n
o cr(G) < (3 ) < ’"7
o E>> (# —1)=1- .

lel
The Crossing Lemma showed that either:

e E<4V = | —m<4n
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POINT-LINE INCIDENCES

SZEMEREDI-TROTTER (1983)

Let P be a set of n points, and L be a set of m lines. Then only
I < 4(m?/3n?/3 4 m + n) pairs (p,£) € P x L have p lying on .

Proof. Let G be defined by the drawing of P and L. Then:
e V=n
o cr(G) < (3 ) < ’"7
o E>> (# —1)=1- .
lel
The Crossing Lemma showed that either:

e E<4V = | —m<4n
2

e cr(G) > 6fV2 = T2 (l(;z;)?’ = (I—m)®<32m?n?

Both cases give | — m < 4(m?/3n%/3 4 n). O
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ForACR,let A+A={a+b:a,bec A}, A-A={ab:a,bec A}

Must one of A+ A or A- A always be substantially larger than A? l

o If A= {2122 ... 27} then A- A ={22,23 ... 22"} has size
~ 2|A], but [A+A| = (5) ~ 3|AP.
o IfA={1,2,...,n}, then A+ A={2,3,...,2n} has size
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SUM-PRODUCT RESULTS

ERDOS-SZEMEREDI (1983)

There is a constant ¢ > 0 such that |A+ Al or |A- Al is > |A]LFe.

CONJECTURE (ERDOS-SZEMEREDI)

The theorem should hold for any ¢ < 1.

Progress:
e ¢ = 37, Nathanson (1997)
® ¢ = 1, Ford (1998)
® c = %, Elekes (1997)
e c= li Solymosi (2005)
e c= % €, Solymosi (2008)
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Proof that |A + A| or |A - A| is always > n%/4, when |A| = n.
o Let /,p betheliney = a(x—b), andlet L ={{,5:a,be A}.
@ Let P be the set of points (x,y) with x € A+Aand y € A-A.

e Each ¢, contains every point (c + b, ac) with c € A.
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@ There are n? lines L, b, SO there are | > n3 total incidences.
o Szemerédi-Trotter implies that | < 4(|L|?/3|P|?/3 4 |L| + |P]).
o |L|=n*<|P|
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Proof that |A + A| or |A - A| is always > n%/4, when |A| = n.
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Proof that |A + A| or |A - A| is always > n%/4, when |A| = n.
o Let /,p betheliney = a(x—b), andlet L ={{,5:a,be A}.
@ Let P be the set of points (x,y) with x € A+Aand y € A-A.

e Each ¢, contains every point (c + b, ac) with c € A.
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Proof that |A + A| or |A - A| is always > n%/4, when |A| = n.
o Let /,p betheliney = a(x—b), andlet L ={{,5:a,be A}.
@ Let P be the set of points (x,y) with x € A+Aand y € A-A.

e Each ¢, contains every point (c + b, ac) with c € A.
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Proof that |A + A| or |A - A| is always > n%/4, when |A| = n.
o Let /,p betheliney = a(x—b), andlet L ={{,5:a,be A}.
@ Let P be the set of points (x,y) with x € A+ Aand y € A-A.

e Each ¢, contains every point (c + b, ac) with c € A.
Hence /, 1, intersects > |A| = n points of P.

@ There are n? lines L, b, SO there are | > n3 total incidences.
o Szemerédi-Trotter implies that | < 4(|L|?/3|P|?/3 4 |L| + |P]).
o |L| = n? < |P|, and |P| < |L|?/3|P|?/3 since |P| < n* = |L|2.

= n® < 1< 43 LPRIPPR = 12-0%3 . |PP3
1 53 2/3
— <
" = [P
0.024n°2 < |P| = |A+A|-|A-Al

Therefore, |A+ A| or |A- A| must be > n%/4,
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